Vieta’s Formula
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Vieta’s Theorem

‘ Describes the relation between a polynomial’s roots and its coefficients

‘ A must-master technique

‘ The key is NOT to solve the equation directly




Quadratic Vieta’s Formula

Let x1and x;be the two roots of quadratic equation ax? + bx + ¢ = 0, then

C
+x, = —— Xy ==
X1 T X3 a X1 X2 7
. A simple but sz//y proof .
g —b +Vb? — 4ac g —b +Vb2 —4ac —b—Vb? —4ac b
x1= x1+x2 = + ==
2a 2a 2a a
4 - -
—b — Vb2 — 4ac —b +Vb2 —4ac —b —+Vb%2—4ac c
x2= x1 . xz = . = —
. 2a % 2a 2a a
Why this is a sz/ly proot?




Another Proof
— =

Find a quadratic equation whose roots are 1 and 2.

x—1Dx—-2)=0

l

e Gy RO ()

Solution:

= 1+2=3

= k(x—1)(x —2) =0, where k # 0.

9 = -9

Let x; and x, be two roots of quadratic equation ax? + bx + ¢ = 0, then x; + x, =

b T XNE
aalz_a'

ax’+bx+c=0 <= a(x—x)(x—x,)=0

!

— ax’—a(x;+x)x+ax;x; =0

b=—a(x;+x;)
=

C = axyx,

%
x1+x2=——

C
R e
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\ e Why 1s this proof better?
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Example

Let x; and X, be two roots of quadratic equation x% — 3x + 2 = 0.

Expression containing roots

1) Find the value of x# + x3.

2 Find a quadratic equation whose roots are x# and x5 . Equation construction

E 1 More expression

3 Find the value of +

x1+1  xp+1°

4 Write a recurrence relation for sequence y, = x1" + x5 . Advanced topic

5 Find the value of Xf S K x% ; More expression

The key is NOT to solve the roots!

The simple equation given in this example is for
illustration purpose so you can easily check your result.
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Example Solution

Let x; and X, be two roots of quadratic equation x* — 3x + 2 = 0.

e s —Ge R U )2 CE Dha e (IR e (@9 =5

Convert the target expression to (x1+x5) and (X1 - X,) using polynomial transformation.
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Example Solution

Let x; and X, be two roots of quadratic equation x* — 3x + 2 = 0.

2, Find a quadratic equation whose roots are x{ and x5 .

It is equivalent to finding the value of x# + x2 and x7x%. Why?

e
=

Yk rs =GR a =2 = B)a = 200 () =5

x12x§ = (x1x2)2 = (2)2 =4

= one desired equation is x* — 5x + 4 = 0.

Can you verify the result?

T
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Example Solution

Let x; and X, be two roots of quadratic equation x% — 3x + 2 = 0.

: 1 1 )

1+ x2+1'
Solution 1: 1 & IR e DR G N I (x; +x5) + 2 NSNS
xi+1 x,+1 (e +D+1)  xxo+(xy+x)+1 2+3+1 6
. Solution 2:

x1 and X, are the roots of x2—=3x+2=0

(x1+1) and (x, + 1) are the roots of (x—1)2-3(x—1)+2=0 orx?—5x+6 =0

" and — th ts of 1< < 2

71 and £ are the roots o (3) -5(;)+6=00r6x> —5x+1=0
N NS
"x1+1+x2+1__?_g \‘(/
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Example Solution

Let x; and X, be two roots of quadratic equation x% — 3x + 2 = 0.

4 Write a recurrence relation for sequence y, = x1* + x5 . Advanced topic

The answer is: Y12 — 3Vne1 + 2V, = 0,and yg = 2 and y; = 3.

. This 1s because

x2—-3x.+2=0 > 2 _ i+l 4 94l —
1 1 : — 1 1 1
multiply xj

e =3 b= : S e g it ol — )
multiply x%

(el MEYE 3Gt o e TG e e

Yn+2 — 3Vn41 T2y, =0
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Example

Let x; and X, be two roots of quadratic equation x% — 3x + 2 = 0.

Solution 1:

. Solution 2:

x3 4+ x5 = (x; +x,)3 = 3xx,(x; +2,) =(3)3-3x(2)x(3) =9

Let SO xIL SR x;l, then Yn+2 — 3yn+1 I Zyn =0 , Of YVyyo = 3yn+1 = Zyn
Vo =g+ s =2
VNS x11 + le = 3 by Vieta’s theorem

=Y, =3y —2yg =3X3—-2X2=5

>y3 =3y, —2y; =3X5—2X3=9

T TE——— —— . " P — T
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nt" Degree Equation Vieta’s Formula

Let X1, "+, X, be the roots of equation x™ + a,_1x" 1 + -+ a;x + ayg = 0, then

( n

le' - x1+x2 +x3 + "‘+xn - _an_1
i=1

inxj =X1Xy + o+ XX, FXpX3 - = ap_op

i+j

\ X1X2X3 ** Xp_1Xn = (="

( n

in — x1+x2 + x3 + .-+ xn = _an_1

sum of products of 1 root C% N ) ==

i=1
< 2

Z XiXj = XXz 0+ XX + XpX3 + 0 = Apy sum of products of 2 roots Cn v

i#j
L X1X3X3 *** Xpn_1Xn = (1) "a, cr =1 ; )

sum of products of n roots n = What if the coefficient of
the first term is not 1?



